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E-mail address: luigi.gambarotta@unige.it (L. GamThe paper is focused on the multi-scale modeling of shear banding in a two-pha se linear elastic period- 
ically layered strip with damaging interfaces. A two-dimensional layered strip is considered subjected to 
transverse shear and is assumed to have a ﬁnite thickness along the direction of the layers and an inﬁnite
extension along the direction perpendicular to layering. The strip is analyzed as a second-gradi ent con- 
tinuum resulting from a second-order homogenization procedure developed by the Authors, here special- 
ized to the case of layered materials. This analysis is also aimed to understand the inﬂuence on the strain 
localization and post-peak structural response of the displacement boun dary conditions prescribed at the 
strip edges. To this end, a ﬁrst model representative of the strip with warping allowed at the edges is ana- 
lyzed in which the strain localization process is obtained as a results of a bifurc ation in analogy to the 
approach by Chambon et al. (1998). A second model is analyzed in which the warping of the edge is 
inhibited and the damage propagates from the center of the specimen without exhibiting bifurcation 
phenomena. For this latter case the effects of a possible interactio n between the shear band and the 
boundary shear layer are considered, which are inﬂuenced mainly by the characteristic lengths of the 
model and the strip length. For realistic values of the relevan t parameters it is shown that the boundary 
conditions have a small effe cts on the elastic response and on the overall strength of the model. Con- 
versely, the boundary conditions have a signiﬁcant effe ct on the shear band location, the post- peak 
response and the structural brittleness. Since the model parameters directly depend on the material 
microstructure as a result of the homogenization process, both the extensio n of the shear band and 
the occurrence of snap-back in the post-peak phase may be controlled in terms of the constitutive param- 
eters and of the geometry of the phases.
 2013 Elsevier Ltd. All rights reserved.1. Introduction 
The description of the material failure as a macroscopic process 
of strain localization resulting from the propagation and coales- 
cence in a narrow region of micro defects is an issue which has de- 
served special attention since the pioneering papers by Rudnicki
and Rice (1975) and Hill and Hutchinson (1975). In these papers 
the localization bands are analyzed by solving a bifurcation prob- 
lem in which the onset of strain localization is detected by the loss 
of uniqueness of the solution of the rate boundary value problem in 
the classical continuum that corresponds to the loss of ellipticity of 
the governing differential problem. As a conseque nce the post-crit- 
ical response of the classical boundary value problem turns out to 
be not well-pos ed and an enhancement of the model is needed.
Furthermore, to tackle this issue the material microstru cture can- 
not be ignored because of its inﬂuence on the band thickness 
which is of the same order of magnitude of the size or spacing of ll rights reserved.
barotta).the dominan t heterogeneitie s. Enhanced computati onal ap- 
proaches based on the idea of enriching the macroscale continuum 
with a discontinuity , i.e. by embedding localized zones with weak 
or strong discontinuiti es into ﬁnite element formulat ions, have 
been proposed by many researchers (Ortiz et al. (1987), Simo 
et al. (1993), Moes et al. (1999), Garikipat i and Hughes (2000),
Wells and Sluys (2001), Oliver (1996), Oliver et al. (2001), Rem- 
mers et al. (2003), Borja (2008) and Huespe et al. (2009) just to 
mention some). Nevertheles s, these approaches are usually formu- 
lated at the macroscale, therefore the material paramete rs in- 
volved in the description of strain localization have a
phenomeno logical character and need to be calibrated from simu- 
lation of experime nts. To circumvent this problem, multi-scale ap- 
proaches to incorporate in the material microstru cture 
discontinuiti es have recently been proposed (see Massart et al.
(2007), Belytschko et al. (2008), Mercatoris and Massart (2011),
Souza and Allen (2011), Nguyen et al. (2011, 2012) and Coenen
et al. (2012) for reference).
A different approach is based on generaliz ed continua which in- 
clude an inherent characterist ic length scale in the continuu m
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the size of the localization band. These approaches imply the reg- 
ularizing assumption of continuously differentiab le displacemen t
and strain ﬁelds across the localization band even after the onset 
of localization. Therefore, they may be applied to tackle moderate 
localization bands, when the physical process occurs with a contin- 
uously varying damage process, i.e. until the strain ﬁeld is contin- 
uous. Micropolar continua have been applied in the localization 
analysis (see de Borst, 1991 ) with special attention to granular 
materials (e.g. Voyiadjis et al., 2005; Arslan and Sture, 2008 among
the others), while integral-typ e non-local models have been pro- 
posed and applied to represent long-range interactions among 
material particles (Baz ˇant and Jirásek, 2002 ). Gradient enriched 
theories have been proposed based either on strain gradient con- 
tinuum models or models with gradients of internal variables as 
reported and discussed in detail by Jirásek and Rolshoven 
(2009a,b). In strain-gradient or second-order models the constitu- 
tive equation is local and their response may differ from the stan- 
dard models already in the elastic regime. Conversely, models 
incorporating gradients of internal variables exhibit a classical re- 
sponse in the initial elastic regime. In this class, the so-called impli-
cit gradient models have been shown to be equivalent to the 
mentioned integral-typ e non-local models and therefore are re- 
ferred to as strongly non-local (Peerlings et al., 1996, 2001 ).
The advantages deriving from these regularization techniques 
have as counterpart the issue of correlating the non-local model 
with both the material microstructur e and the inherent micro- 
scopic ﬁelds. Multi-scale homogeniza tion methods in general 
(see Kanouté et al., 2009 , and Charalambak is, 2010 ) and computa- 
tional homogenizatio n methods in particular (Geers et al., 2010 )
may provide reliable evaluations of the non-local material param- 
eters and internal lengths. Although the higher-o rder and non-lo- 
cal formulations mentioned above have been widely used to 
avoid losing ellipticity at strain-softeni ng onset, their applications 
in multi-scale non-linear computations are rare. Kouznets ova et al.
(2004) proposed a strain-gr adient computati onal homogeniza tion 
that was applied to the analysis of elasto-plast ic matrix with ran- 
domly distributed voids, Vernerey et al. (2007) proposed a compu- 
tational approach of micromorph ic homogeniza tion that was 
applied to the plastic collapse analysis of porous metals, Li
(2011), Li et al. (2011) developed a micromecha nical-based strain 
gradient damage model for the simulation of damage in brittle 
materials and Addessi and Sacco (2012) applied the computational 
Cosserat homogeniza tion proposed by Forest and Sab (1998) to the 
analysis of periodic masonry with mortar interfaces exhibiting fric- 
tion-damag e inelasticity. Neverthel ess, the formulation of nonlocal 
continuum models to represent materials with damage mecha- 
nisms at the microscale poses several problems, in addition to Fig. 1. (a) Shear band in the layered strip resulting from interface debonding (red lines in
strip and (b) shear band in the equivalent continuum model. (For interpretation of the re
this article.)the classical issues concerning bifurcation and stability. Among 
them, the accuracy of the microscopic strain and stress ﬁelds,
which are relevant to the inelastic analysis, and the dependence 
of the overall response on the boundary conditions, which may 
control where strain localization takes place in the specimen, i.e.
if sufﬁciently far or in proximity of the boundary (as pointed out 
by Jirásek and Rolshove n, 2009a,b ).
In this paper the capability of second order models to handle 
the softening behavior of quasi-brittle materials is analyzed by 
consideri ng a rather simple case concerning the multi-sca le mod- 
eling of the shear banding in a layered strip with quasi-brittle 
interfaces . The strip is assumed to be two-phas e periodic, with lin- 
ear isotropic elastic layers, ﬁnite thickness along the direction of 
the layers and unbounded along the direction perpendicular to lay- 
ering. The transverse shear is obtained by imposing a differential 
transverse displacemen t as shown in Fig. 1(a). In order to simplify 
the problem, the displacemen t ﬁeld at the microscale is assumed to 
conform to the microstru cture periodicity, so limiting the localiza- 
tion analysis along the layer direction. Although this assumption 
ignores possible non-periodi c or differently periodic solutions,
which are rather difﬁcult to be obtained by other methods of anal- 
ysis at the microscale, however, it provides basic information use- 
ful to understand both the dependence of the overall response on 
the microstructure and the operation al implications of the homog- 
enized approach here considered.
Whereas the shear response of laminate d materials exhibits a
nonlocal behavior when high transverse displacement gradients 
occur along the layers, equivalent continuum models incorporating 
internal lengths scales have to be considered already in the elastic 
regime, in accordance to either the Cosserat continuu m (e.g. Adhik-
ari and Dyskin, 1997; Forest and Sab, 1998; Li et al., 2009; Lebée
and Sab, 2010 ) or to higher-order continua (e.g. Boutin, 1996;
Muhlhau s and Hornby, 1998; Tran et al., 2012 ). In this analysis,
the second-g radient model by Mindlin (1964) and Germain
(1973) is considered and a homogenizatio n technique for materials 
with periodic microstru cture proposed by the authors (Bacigalupo
and Gambarotta , 2010, 2012 ) is applied, which presents the advan- 
tage of automaticall y discerning the non-local behavior of the mul- 
tilayered material along the layering direction from the classical 
one along the direction orthogonal to the layers. The second order 
model of the periodic layered material is obtained by a two steps 
homogen ization for both the cases of undamaged and damaged 
interfaces , respectively , that guarante es the continuity of the dis- 
placemen t ﬁeld at the microscale. Moreove r, for the case of 
undamaged interfaces this approach provides a microﬂuctuation 
ﬁeld that coincides with that from the asymptotic expansion trun- 
cated after the second order (Bakhvalov and Panasenko, 1984; Bou- 
tin, 1996; Tran et al., 2012 ). the central region) for transverse displacement D prescribed at the right edge of the 
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Fig. 2. Transverse shear of the unbounded layered strip: (a) Model A – warping allowed of the strip edges; (b) Model B – warping prevented.
1x
2x
L
a
b
2a
2a
2d
1 0d →
2z
1zC
A
b
(a) (b)
Fig. 3. (a) Unbounded periodic layered strip; (b) periodic cell.
Fig. 4. Shear model of the interface.
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roscale with reference to the equivalent second-o rder continuum 
body shown in Fig. 1(b). In the heterogeneous strip model the aver- 
age transverse displacement at the left edge is assumed vanishing ,
while at the right edge is monotonica lly increasing. Through the 
second order model the inﬂuence of the microstructur e on the 
transverse response of the strip (both in the elastic and in the 
post-peak regime) and on the size of the shear band is analyzed.
A special attention is paid to the inﬂuence of boundary conditions 
on the overall response to understand the effect of the connectio n
between the specimen boundary and the loading device. Two dif- 
ferent boundary conditions at the edges of the strip are considered 
concerning the displacement component along the layering direc- 
tion. In the ﬁrst case only the average of the displacement along 
the layers is prescribed to be vanishing with warping allowed at 
the edges as shown in Fig. 2(a), while in the second case the warp- 
ing is prevented and points at the end sections cannot move along 
the layers direction, Fig. 2(b). When the warping of the edges is al- 
lowed homogen eous strain and stress ﬁelds are obtained in the 
elastic regime, that coincide with those provided by the classical 
continuum. Increasing the prescribe d transverse displacemen t
the shear stress at the interface reaches the limit strength and 
the model exhibits a bifurcation from the uniform state in analogy 
to the bifurcatio n problem proposed and analyzed by Chambon
et al. (1998, 2001) and Kotronis et al. (2008), with the distinctive 
feature that in the present analysis the constitutive parameters 
and the internal lengths are directly related to the mechanical 
characterist ics of the phases and to the geometry of the layered 
material as a result of the homogenizatio n procedure. Therefore,
the inﬂuence of both the microstru cture and the thickness of the 
strip on the extension of the localization band and on the post- 
peak response, is analyzed. These aspects are also examined in or- 
der to contribute to the critical analysis performed by Jirásek and 
Rolshoven (2009a,b) concerning most of the phenomenolog ical 
strain-gradient softening models available in the literature.2. Transverse shear of a layered body with quasi-brittl e
interfaces
Let us consider the composite bi-material strip consisting of 
two types of periodically arranged isotropic layers shown in 
Fig. 3(a). The thickness of the two different types is denoted by a
and b (here d2 = a + b is deﬁned), respectivel y, and their Young 
modulus and Poisson ratio is denoted as Ea, ma (a = a,b). The strip 
has thickness L and is unbounded along the periodicity direction 
as shown in Fig. 3(a). The thin interfaces connecting the adjacent 
layers are described as subjected to shear delamination with tan- 
gential displacemen t jump allowed and vanishing normal displace- ment jump. The shear response is assumed as rigid-soften ing and 
is described in terms of the resolved shear stress s = r12 and the 
correspondi ng tangent component su1t of the displacement jump.
The interface response is rigid until s 6 s, s⁄ being the limit shear 
strength of the interface. Once attained this limit value, the delam- 
ination process takes place at the interface with residual shear 
strength linearly depending on the displacemen t jump su1t with
softening parameter h < 0, as shown in Fig. 4. The ultimate dis- 
placemen t jump u⁄ is deﬁned as a further constitutive paramete r
that depends on the interface damage energy G ¼ 12 su. More- 
over, elastic unloading is allowed also from the softening regime 
as shown in the diagram of Fig. 4. The resulting model data are 
the layer thickness a and the geometric ratio f = a/b, the elastic 
shear modulus Ga of layer a and the ratio r = Ga/Gb, the Poisson’s ra- 
tios of the layers ma and mb, the ratios s

Ga
and d ¼ 4GaGas2 characterizi ng 
the interface strength and toughness, respectively. The obtained 
heteroge neous model is analyzed as a Cauchy continuum under 
the assumption of small strains and plain-strai n condition (in the 
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are considered).
The transverse shear of the layered strip is analyzed for vanish- 
ing body forces and with reference to two different d2-periodic
boundary conditions prescribed at the edges x1 = 0 and x1 = L. In 
both the considered problems the overall transverse shear is ob- 
tained by prescribing a vanishing average displacemen t at the left 
edge hu2(0,x2)i = 0, being hgðx1; x2Þi ¼ 1d2
R d2
0 gðx1; x2Þdx2, and a
monotonica lly increasing average displacemen t hu2(L, x2)i =D at
the right edge (the ratio D/L measures the overall shear strain in 
the body). It should be noted that this unbounded model is equiv- 
alent to a tubular specimen with layers parallel to the tube axis,
thickness much smaller than the radius and subjected to torsion.
In the ﬁrst problem (model A – Fig. 2(a)) the vanishing average 
displacemen t hu1i = 0 is prescribed at both the edges, with warping 
allowed u1– 0 and vanishing traction component t1 = 0. The sec- 
ond problem (model B – Fig. 2(b)) is characterized by warping 
inhibited at both the edges, i.e. vanishing prescribed displacemen t
u1 = 0. For both the models here deﬁned, the d2-periodic solution is 
considered, namely u(x1, x2 + d2) = u(x1, x2) and r(x1, x2 + d2) =
r(x1, x2), being u and r the micro-displace ment vector and the mi- 
cro-stress tensor, respectively. Although this assumpti on greatly 
simpliﬁes the problem, it should be noted that multiple solutions 
with nd2-periodic or not-periodic properties cannot be excluded 
a priori when the softening regime takes place at the interfaces.
On the other hand, taking into account all the possible damage 
mechanism s in the strain localization analysis seems to be a very 
complex and open issue when consideri ng both the heterogeneous 
model and homogeneous enhanced models.
Upon increasing the prescribed displacemen t D at the right 
edge of model A, the stress ﬁeld is homogeneous (see Fig. 2(a))
and no delamination takes place up to the limit state s = s⁄, that 
is simultaneou sly attained at every point of the interfaces. Increas- 
ing the displacement D, shear delamination occurs at the interfaces 
and localizes as a result of a bifurcation process. In problem B the 
stress ﬁeld is inhomogene ous already at the beginning of the defor- 
mation process (see Fig. 2(b)). Upon increasing the displacemen t D
the resolved shear stress at the interface attains its maximum at 
the center of the strip and tends to vanish when approaching the 
strip edges. Here, the elastic mismatch between the adjacent layers 
would result, in case of strong interfaces, in a singularity with very 
low singular exponent (see Leguillon , 1999 ). The assumed cohesive 
response of the interfaces together with the prescription of vanish- 
ing shear displacement jump at the edges suggest this effect to be 
very limited on the overall behavior of the strip.
Since the strain localization analysis of the heteroge neous strip 
for the different boundary conditions may result complicated and 
computational ly expensive, it may be convenie nt to replace the 
heterogeneous model here considered with an equivalent homoge- 
neous one to obtain equations whose coefﬁcients are not rapidly 
oscillating while their solutions are close to those of the original 
equations. If an equivalent classical (Cauchy) continuum were as- 
sumed, the boundary conditions of model A and those of model 
B could not be distinguishe d and the strain localization problem 
could not be analyzed as well, being the classical continuum not 
equipped with characterist ic lengths. Conversely, it has been 
shown by several Authors that the homogeniza tion of layered 
materials as second-gradient continua (Mindlin, 1964 ) provides 
good approximat ions in the elastic range and appears to be appro- 
priate. Therefore, a second-gradient continuum model is here con- 
sidered which is derived from a second-order homogenizatio n
procedure (Bacigalupo and Gambarotta, 2010, 2012 ) here particu- 
larized to represent the overall response of the layered strip. The 
damage macro-model ing stems from the homogeniza tion of a peri- 
odic cell containing weak interfaces, where the local effects in the strip edges resulting from the stress singulari ty previousl y men- 
tioned are ignored. This assumpti on, which represents a validity 
limit of the present model, seems to be consistent with multi-sca le 
approach es proposed in the literature in which a selection of the 
meaningful mechanisms of an inelastici ty is made (e.g. Daghia
and Ladevèze, 2012; Addessi and Sacco, 2012 ).
3. Multi-scale modelin g of the layered material 
In the second-g radient homogen eous model equivalent to the 
layered strip the macro-displacem ent at point x is assumed 
U(x) = huix as the average of the micro-dis placement over the peri- 
odic cell centered at x shown in Fig. 3(b). Due to the assumption of 
d2-periodici ty of the micro-displace ment ﬁeld, the macro-displ ace- 
ment ﬁeld is specialized U(x) = U(x1). Moreover, from the boundary 
condition s in models A and B one may infer that U1 = 0 along the 
strip so that only the macro-di splacement component U2(x1) de- 
scribes the strip conﬁgurations. The macro-strai n ﬁeld is repre- 
sented by the non-vanishing component of the displacement 
gradient tensor H21 = U2,1 = o U2/ox1 together with the components 
of the strain and rotation tensors E21 = X21 = U2,1/2, respectivel y,
while the non-vanishi ng component of the second-gradi ent of 
the displacemen t is j211 = U2,11 (see for reference Mindlin, 1964 ,
and Germain , 1973 ). The macro-str ess ﬁeld in the strip is repre- 
sented by the non-vanis hing component of the ﬁrst order symmet- 
ric stress tensor R21 = R12 and the components of the higher-o rder 
stress tensor l211 and l121. The constituti ve equations of the lay- 
ered material are orthotrop ic at the macroscale with uncoupled re- 
sponse R21 = 2C2121E21, l211 = S211211j211 and l121 = S121211j211,
being C2121, S211211 and S121211 the overall elastic moduli (or inelas- 
tic tangent moduli in case of incremen tal response in the inelastic 
regime). The constitutive moduli are independen t on x2 because
the d2-periodici ty of the material while they may depend on x1
as an effect of the inelastic constitutive response of the interface.
As a consequence both the ﬁrst-order and higher-order stress com- 
ponents do not depend on x2. Moreover, the non-vanishing compo- 
nents of the real stress tensor are T21 = R21  l211,1 = 2C1212E12
 (S211211j211),1 and T12 = R21  l121,1 = 2C1212E12  (S121211j211),1
and the equilibriu m equation Tij,j = 0 for the case of vanishing body 
forces is written in the form T21,1 = R21,1  l211,11 = 0, being the real 
stress T21 homogeneous in the strip. By substitution of the compat- 
ibility and constituti ve equations, the ﬁeld equation takes the form 
ðC1212U2;1Þ;1  ðS211211U2;11Þ;11 ¼ 0: ð1Þ
To obtain the constitutive moduli of the second-gradient con- 
tinuum together with the macro-strain and macro-stress compo- 
nents which are relevant to the study of the layered material, the 
two-scal es kinematics are related through a downscalin g of the 
kinematics from the macroscale to the microscale, according to 
the methodology proposed by Bacigalupo and Gambarotta 
(2010), where a comparis on with other methods proposed in the 
literature is shown. In this approach the micro-displace ment ﬁeld
at point z in the periodic cell centered at x is assumed in the form 
uiðx; zÞ ¼ UiðxÞ þ HiqðxÞzq þ 1=2jiqrðxÞzqzr
þ #1iklðzÞ HklðxÞ þ jklpðxÞzp
 þ #2iklpðzÞjklpðxÞ ð2Þ
as the superpos ition of a polynom ial function depending on the 
macro-d isplacement and macro-st rain component s at point x and
a complemen tary displace ment ﬁeld that represents the micro- 
structu ral displace ment ﬂuctuation ﬁeld to account for the contri- 
bution of the heterogenei ties. In Eq. (2) the functions #1iklðzÞ and
#2iklpðzÞ are d2-periodic and are obtained as the solution of a cell 
problem ; they represe nt the displacement ﬂuctuation ﬁeld in the 
standard ﬁrst- and second-grad ient homogen ization obtained for 
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emphasize the role of cell size (see Fig. 3(b)) is conven ient to ex- 
press the displace ment ﬂuctuation functions in the form 
#1iklðz2Þ ¼ d2N1iklðz2=d2Þ and #2iklpðz2Þ ¼ d22N2iklpðz2=d2Þ. For the consid- 
ered problem Eq. (2) takes the form 
u1 ¼ d2N1121 ðH21þj211z1Þþd22N21211 j211
u2 ¼U2þH21z1þ1=2j211z21þd2N1221 ðH21þj211z1Þþd22N22211 j211
(
;
ð3Þ
where the kinemati cal macro-descr iptors U2,H21,j211 are pre- 
scribed and the micro-ﬂuctuation functions N1121 ;N
1
221 ;N
2
1211 ;N
2
2211 
are d2-periodic and related to the macro-displa cement gradients 
H21 and j211, respectively. The multi-scale description is complet ed 
by the upscalin g of the microstruc tural response that is obtained 
according to Eq. (3)
U2 ¼ hu2i; H21 ¼ @u2
@z1
 
; j211 ¼ @
2u2
@z21
* +
; ð4Þ
together with the non-vanishi ng macro-st ress component s ob- 
tained from an application of the macro-ho mogene ity conditio n to 
the periodic cell (for d1? 0) averaged with respect to all the possi- 
ble translati ons of it along x2 axis (see Peerlings and Fleck, 2004 )
R21 ¼ hr21i þ d2 @
@x1
r11N1121 þ 2r21N1221 
D E
;
l211 ¼ d2 r11N1121 þ 2r21N1221 
D E
þ d22
@
@x1
r11N21211 þ r21N22211 
D E
;
l121 ¼
1
2
d2 r11N1121 þ r22N1211 þ r12ðN1212 þ N1111Þ
D E
þ 1
2
d22
@
@x1
r11N21121 þ r21N22121 
D E
; ð5Þ
(see Bacigalupo (submitted for publication)) which are 
analogous to those obtained by Tran et al. (2012).
In the following , the constitutive parameters of the second- 
gradient model are derived by treating separately the case of 
undamaged and damaged interface.
3.1. Undamaged interface 
In case of undamaged interface the solution of the cell problem 
related to the ﬁrst-order homogenizatio n (H21– 0) is uI1ðz2Þ ¼
#1121 ðz2ÞH21, uI2ðz2Þ ¼ H21z1, where only the function #1121 ðz2Þ shown
in Fig. 5 is non vanishing, that depends on the parameter g ¼ r1rþf a2
(here r = Ga/Gb > 1 is assumed). The shear stress rI12 ¼
R12 ¼ C1212H21 ¼ 2C1212E21 is homogeneous in the periodic cell as Fig. 5. Prescribed displacement gradient H21 (j211 = 0) on the undamaged periodic 
cell: deformed shape and corresponding micro-ﬂuctuation function #1121 ðz2Þ (r = Ga/
Gb > 1).well as the resolved shear stress on the interfaces s ¼ rI12,
C1212 ¼ 1þffþr Ga being the overall shearing elastic modulus of the lay- 
ered material.
The second-o rder homogen ization is obtained by the solution of 
the cell problem deﬁned by Bacigalupo and Gambarotta (2010)
with vanishing body forces and the following boundary conditions:
- vertical cell boundaries 
uII1ðz1 ¼ d1=2; z2Þ  uII1ðz1 ¼ d1=2; z2Þ ¼ #1121 ðz2Þd1j211
uII2ðz1 ¼ d1=2; z2Þ ¼ uII2ðz1 ¼ d1=2; z2Þ
ð6Þ
- horizontal cell boundaries 
uIIi ðz1; z2 ¼ d2=2Þ ¼ uIIi ðz1; z2 ¼ d2=2Þ; i ¼ 1;2 ð7Þ
with d1? 0. By taking into account the symmetry with respec t to 
the local axes (z1,z2) of the cell domain and of the prescrib ed rela- 
tive displace ment, namely the periodicity condition and the condi- 
tion (6.1) that is shown in Fig. 6(a), the solution of the cell problem 
is obtained for d1? 0 and takes the form 
uII1ðz1; z2Þ ¼ z1#1121 ðz2Þj211;uII2ðz1; z2Þ
¼ 1
2
j211z21 
Z
ma#
1
121 ðz2Þdz2j211 þ c; ð8ÞeII11 ¼ #1121 ðz2Þj211; eII22 ¼ maeII11ða ¼ a; bÞ; eII12 ¼ 0;
rII11 ¼ Ea#1121 ðz2Þj211ða ¼ a; bÞ;rII22 ¼ rII12 ¼ 0:
(
ð9Þ
Both the resulting strain and stress ﬁeld are shown in the 
diagrams of Fig. 6(b), while the resulting shear stress is vanishing 
s ¼ rII12 ¼ 0 in the layers and at the interfaces . By comparing 
equation s (8) with equation (3) with H21 = 0 one obtains #21211 ¼
0 and #2 a2211 ¼ m

a
2
r1
rþf z
a2
2 þ Ca, #2 b2211 ¼ 
m
b
2
r1
rþf z
b2
2 þ Cb, where za2 2
½a=2;a=2ða ¼ a; bÞ, are two vertical coordinates centered in the 
center of the single layers and Ca are constants which are deter- 
mined by imposing the continuity of the function #22211 at the inter- 
face with vanishing average h#22211 i ¼ 0. It is worth to note that 
because of the speciﬁc geometry under consideration, the ﬂuctua-
tion functions here obtained as the solution of a cell problem are 
also solutions of the unit cell problem of order 2 in the standard 
asymptoti c homogenizatio n approach by Bakhvalov and Pana- 
senko (1984), Boutin (1996), Peerlings and Fleck (2004) and Tran
et al. (2012), namely #1211 ðz2Þ ¼ d2N1211 ðz2=d2Þ and #22211 ðz2Þ ¼
d22N
2
2211 ðz2=d2Þ with reference to the standard notation (see for 
example Bacigalupo and Gambarotta (2012)). The elastic potential 
energy in the periodic cell takes the form Em ¼ 12
R
A
1
E r
2
11da ¼
Ga
d1
12 ½ð1þ mbÞ þ rfð1þ maÞ a
3
rf ðr1fþr Þ2j2211 and by applying the Hill- 
Mandel macro-homogene ity condition Em ¼ EM ¼ d1d22 S211211j2211 
the second-g radient elastic modulus is obtained 
S211211 ¼ Gaa
2
6ð1 þ fÞr rfð1 þ m

aÞ þ ð1þ mbÞ
  r  1
r þ f
 2
: ð10Þ3.2. Damaged interface 
When the shear stress at the interfaces attains the limit value 
s = s⁄ i.e. for the value of the displacement gradient H21 ¼
s=C1212, the delamination occurs at the interfaces with tangential 
discontinuity in the displacemen t ﬁeld. The model response is de- 
scribed in incremental form with reference to the rate of the dis- 
placemen t gradient _H21 (here assumed positive). The ﬁrst-order
homogen ization is carried out in analogy with the previous case 
in terms of the rate of micro-dis placement ﬁeld
_u1ðz2Þ ¼ #1121 ðz2Þ _H21; _u2ðz2Þ ¼ _H21z1, being the ﬂuctuation function 
Fig. 7. Prescribed displacement gradient H21 (j211 = 0) on the damaged periodic 
cell: deformed shape and corresponding micro-ﬂuctuation function #1121 ðz2Þ (r = Ga/
Gb > 1).
(a) (b)
Fig. 6. Prescribed second-order displacement gradient j211 (H21 = 0) on the undamaged periodic cell (d1? 0): (a) deformed shape compatible with the displacement uII1 from 
Eq. (8.1) resulting from prescribed displacements (6,7); (b) corresponding strain and stress ﬁelds.
2066 A. Bacigalupo, L. Gambarotta / International Journal of Solids and Structures 50 (2013) 2061–2077#1121 ðz2Þ shown in Fig. 7 that depends on parameters gþ ¼ a2 rfd1fð1dÞþr
and g ¼ a2 1drfð1dÞþr. The overall tangent shear modulus and the 
stress rates are (a)
Fig. 8. Prescribed second-order displacement gradient j211 (H21 = 0) on the damaged peri
(8.1) resulting from prescribed displacements (6,7); (b) corresponding strain and stress Ct1212 ¼
_R21
2 _E21
¼Ga fþ1fð1dÞþ r ; _s¼
_R12 ¼Ct1212 _H21 ¼2Ct1212 _E21; ð11Þ
respective ly. In this case the ﬁrst order ﬂuctuation function #1121 ðz2Þ,
the overall tangent modulu s and the shear stress rate depend also 
on the toughness paramete r d that characteriz es the softening re- 
sponse of the interface. In the following , the consid ered tough ness 
paramete r d is assumed in order to guarantee Ct1212 < 0, i.e.
d > (f + r)/f.
The second-gradi ent homogenizatio n is carried out in analogy 
to the undamaged case. Boundary conditions on the displacemen t
rates of the periodic cell are imposed according to equation (6) and 
(7) as shown in Fig. 8(a). The solution of the resulting cell problem 
obtained for d1? 0, i.e. the strain _e11, _e22 and stress _r11 rates are 
shown in the diagrams of Fig. 8(b). In this case the elastic potential 
energy in the periodic cell is Em ¼ 12A
R
A
1
E r
2
11da ¼
Gaa3d1
12f ½fð1þ maÞð rdf1ð1dÞfþr Þ2 þ 1r ð1þ mbÞð 1rdð1dÞfþr Þ2 and the overall sec- 
ond-gradi ent tangent modulus of the damaged material is obtained 
by the macro-hom ogeneity condition 
St211211 ¼
_l211
_j211
¼ Gaa
2
6ð1þ fÞ fð1þm

aÞ
rdf1
ð1dÞfþ r
 2
þ1
r
ð1þmbÞ
1 rd
ð1dÞfþ r
 2" #
:
ð12Þ(b)
odic cell (d1? 0): (a) deformed shape compatible with the displacement uII1 from Eq.
ﬁelds.
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at the interfaces is vanishing _s ¼ _r12 ¼ 0. It follows that, indepen- 
dently on the interface state, the shear stress s acting on it only de- 
pends on the ﬁrst displacemen t gradient, while the second 
displacemen t gradient affects the normal stress components r11,
the other ones being vanishing. An evaluation of the present 
homogeniza tion procedure for layered materials is carried out in 
Appendix A with reference to both the considered cases.
Finally, given the displacemen t ﬂuctuation functions here ob- 
tained, the stress upscaling (5) is specialized in the following form:
R21 ¼ hr21i þ d2 @
@x1
hr11N1121 i;
l211 ¼ d2hr11N1121 i þ d22
@
@x1
hr21N22211 i;
l121 ¼
1
2
d2hr11N1121 i þ
1
2
d22
@
@x1
hr21N22121 i:
ð13Þ4. Shear strain localization in the layered strip 
The analysis of model A described in Section 2 is developed with 
reference to the second-gradient continuum model described in 
the previous Section. The boundary conditions hu1i = 0 and 
t1 = r11 = 0 at both the edges are represented by the equivalent 
conditions U1 = 0 and l211 = 0, the latter being derived by the 
upscaling Eq. (13.2) with an approximat ion of order Oðd22Þ. More- 
over, the left edge is assumed ﬁxed U2 = 0 while a monotonically 
increasing displacemen t U2 =D is prescribed to the right edge. In 
the elastic regime the ﬁeld Eq. (1) takes the form 
U2;1111  1
k2
U2;11 ¼ 0; ð14Þ
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
S211211
C1212
q
being the characterist ic length of the elastic model. The 
displace ment ﬁeld solution of this differentia l problem is afﬁne and 
the solution takes the form U2ðx1Þ ¼ DL x1;H21 ¼ DL ; T21 ¼ R21 ¼
C1212H21: The shear stress at the interface , the displace ment gradi- 
ent and the ﬁrst order stress ﬁeld are homogeneou s along the strip,
while the second- gradient of the displacemen t and the second order 
stress are vanishing . Increas ing the prescrib ed displace ment D, the 
limit state s = s⁄ is attained at every point of the interfaces when 
H21 ¼ s=C1212 and D ¼ H21L and a localizatio n of the inelast ic 
strain takes place as a consequen ce of the softening assumptio n
for the interface . This occurren ce may be analyzed according to 
the approach proposed by Chambon et al. (1998, 2001) and dis- 
cussed by Jirásek and Rolshoven (2009a,b).
The localization analysis is obtained through an incremental 
formulation where a lateral portion of the strip of length ‘e is as- 
sumed to undergo elastic unloading (i.e. _H21 < 0;0 6 x1 6 ‘e) and (a)
Fig. 9. (a) Model A of the strip; (b) elasa complementar y portion of length ‘d = L  ‘e to undergo inelastic 
strain rates (i.e. _H21 > 0; ‘e 6 x1 6 L) as shown in Fig. 9. As high- 
lighted by Chambon et al. (1998) this assumption implies the 
steepest slope of the resulting load–displacement diagram. The 
equilibriu m equation s in the strip are written in incremen tal forms 
in terms of the displacement rate _U2
_U2;1111  1
k2
_U2;11 ¼ 0; 0 6 x1 6 ‘e
_U2;1111 þ 1
k2d
_U2;11 ¼ 0; ‘e 6 x1 6 L
ð15Þ
where kd ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 St211211
Ct1212
r
is the characterist ic length of the damaged lay- 
ered materi al. The solution is written in the form 
_U2 ¼
_Ue2 ¼AeþBex1þCe coshðx1=kÞþDe sinhðx1=kÞ; 06 x16 ‘e
_Ud2 ¼AdþBdx1þCd cosðx1=kdÞþDd sinðx1=kdÞ; ‘e6 x16 L
(
ð16Þ
where the eight unknow n constants are obtained by imposing the 
four boundar y conditio ns at the strip edges and the continuity con- 
ditions at the point separating the elastic and the damaged portion 
where the shear stress at the interface takes the limit value s = s⁄
_Ue2ðx1 ¼ ‘eÞ ¼ _Ud2ðx1 ¼ ‘eÞ; _He21ðx1 ¼ ‘eÞ ¼ _Hd21ðx1 ¼ ‘eÞ ¼ 0;
_le211ðx1 ¼ ‘eÞ ¼ _ld211ðx1 ¼ ‘eÞ; _Te21ðx1 ¼ ‘eÞ ¼ _Td21ðx1 ¼ ‘eÞ:
An eigenproble m is derived from the homogeneous boundary con- 
ditions whose eigenvalue ‘d, measuring the extension of the dam- 
aged region, is the root of the transcende nt equation 
sinh
L  ‘d
k
 
cos
‘d
kd
 
kþ kd cosh L  ‘dk
 
sin
‘d
kd
 
¼ 0; ð17Þ
and is indepen dent on the prescrib ed displacement rate _D. Becau se 
of the assumed linear response of the softening phase, the overall 
post-pea k response of the strip is linear with respect to the imposed 
displace ment D and the real stress takes the form 
T21ð‘d;DÞ¼C1212D

L

C1212C
t
1212 cosh
‘e
k
	 
þsinh ‘ek	 
 cos ‘dkd
 
cosh ‘ek
	 

K
DD

L
; ð18Þ
where
K¼Ct1212
k
L
cos
‘d
kd
 
1‘e
k
 
cosh2
‘e
k
 
þcosh ‘e
k
 
sinh
‘e
k
  
1
 
þC1212kdL cosh
2 ‘e
k
 
þcosh ‘e
k
 
sinh
‘e
k
  
sin
‘d
kd
 
‘d
kd
cos
‘d
kd
   
:
ð19Þ(b)
tic and damaged (in grey) regions.
2068 A. Bacigalupo, L. Gambarotta / International Journal of Solids and Structures 50 (2013) 2061–2077The extension ‘d of the shear band obtained by Eq. (17) only
depends on the characterist ic lengths k and kd and on the strip 
thickness L. It may be inferred that ‘d is bounded below by 
‘mind ¼ ak½p arctanð1=aÞ ¼ pkd  bk, that is obtained for L?1
and b  0.8–1, and above by ‘maxd ¼ L ¼ pkd, when the strip is to- 
tally damaged (for a small thickness of the strip). Here, the ratio 
a ¼ kd=k is introduce d, that may be shown to be a > 1 for signiﬁ-Fig. 10. Upper ‘maxd =d2 (bold line) and lower ‘
min
d =d2 (thin line) values of the ratio between
given values of the softening ratio d (ma = 0.2, mb = 0.3); (a) f = 4; (b) f = 1; (b) f = 1/4.
Table 1
FML, CFRP and GFRP composites mechanical properties (for a = 0.5–2 mm).
Material r G⁄ (kJ/m2)
ARALL 510 58
GLARE 26 34
CARAL 45 58
TiGr 78 45
IM7/8582/AF163-2K 13⁄ 24
E-Glass/Epoxy/Araldite 2011 13⁄ 23
Al-6101/RT153FC – 0.2 1.5 
AS4 Fabric/LY564 13⁄ 33.5 
IM7/977-3 13⁄ 0.50.6 
AS4/3501-6 13⁄ 0.50.8 
[1] Sinmazcelik et al. (2011); [2] Botelho et al. (2006); [3] Fedele et al. (2009); [4] Curie
Burianek and Spearing (2003); [8] Tarpani et al. (2009); [9] Daniel and Ishai (1994); [10
Raykhere et al. (2010); [14] Zhang et al. (2010); [15] De Moura et al. (2008).
* variable depending on the density of the ﬁbers.cant values of the model parameters (r < 30, 1/4 < f < 4 and 
10 < d < 1000). In this regard, in Table 1 are reported ranges of 
values of constituti ve parameters obtained from the literature 
and concerning ﬁber metal laminates (FML, such as GLARE, ARALL,
CARAL, TiGr), and some carbon-, glass-ﬁber-reinforced polymer 
(CFRP, GFRP) composites. the extension of the shear band and the height of the periodic cell for varying r and 
s⁄ (MPa) d Reference 
40 50 125 900 [1] 
40 50 100 500 [2–4]
30 50 100 1300 [5] 
30 50 75 400 [6–8]
15 30 15 80 [9–12]
10 25 30 200 [13,14] 
15 20 30 400 [15] 
70 75 10 40 [9,10] 
70 75 1.5 7 [9,10] 
75 80 16 [9,10] 
l Sosa and Karapurath (2012); [5] Jin and Batra (1996); [6,7] Burianek et al. (2003),
] Soden et al. (1998); [11] Campilho et al. (2005); [12] Shimoda et al. (2006); [13] 
Fig. 11. Nondimensional limit thickness of the strip at which snap-back takes place in the post-peak response for varying r (ma = 0.2, mb = 0.3): (a) f = 1, (b) f = 4, (c) f = 1/4.
21 1212T C
40L a = 30 20 10
LΔ
Fig. 12. Non-dimensional real stress T21/C1212 v/s prescribed displacement D/L ratio 
for some ratios L/a.
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the diagrams of Fig. 10 as function of the ratio r for representat ive 
values of the non-dimensional geometri c f = 1/4, 1, 4 and tough- 
ness d = 10, 100, 500, 1000 parameters (ma = 0.2 and mb = 0.3 are as- 
sumed). It can be noticed that the diagrams representi ng the 
maximum and minimum extension of the shear band are approx- 
imately coinciden t for a signiﬁcant range of values of the model 
parameters, and the shear band thickness ‘d depends almost exclu- 
sively on the elastic propertie s of the phases and of the interface 
and in a very limited amount by the strip thickness. As expected ,
the shear band thickness increases with the interface toughness 
d. For d < 500 it appears that ‘d is containe d within a limited num- 
ber of multiples of the height of the periodic cell and is smaller for 
values f 6 1 as shown by the diagrams of Fig. 10 obtained for the 
values ma = 0.2, mb = 0.3 (the vertical asymptotes in the diagrams 
of Fig. 10 (b) and (c), result from the condition Ct1212 < 0, i.e.
d > (f + r)/f). Referring to the criticism of Jirásek and Rolshoven 
(2009a,b), concerning the validity limits of the phenomenolog ical 
model of Chambon et al. (1998) in relation to the excessive exten- 
sions of the damaged area, the results shown in the diagrams of 
Fig. 10 , here obtained through a micromechani cal approach, prove 
that the thickness of the shear band in layered materials is con- 
tained within a limited number of multiples of the cell thickness 
d2 for a large domain of values of the interface toughnes s d < 300.
From Eqs. (18) and (19) it may be argued that if Ct1212 < 0 then 
snap-back may occur in the post-peak response when K 6 0. The 
limit condition K = 0 is analyzed for signiﬁcant values of the model 
parameters and for increasing values of the strip thickness. The maximum thickness strip at which the snap-bac k takes place is gi- 
ven in the diagrams of Fig. 11 as function of the ratio r for represen- 
tative values of the non-dimensi onal geometri c f ¼ 14 ;1;4 ratios.
Lower values of the toughness ratios d = 10, 35, 100, 150 are con- 
sidered since they have a signiﬁcant inﬂuence on the phenomeno n
(ma = 0.2 and mb = 0.3 are assumed). For all the considered diagrams 
the maximum length beyond which the snapback occurs decreases 
with the increase of r, with the exception of the cases shown in 
Fig. 11(a) and (c) for d = 10, being the vertical asymptote associated 
with the condition Ct1212 ! 1.
21H
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Fig. 13. (a) Post-localization displacement gradient H21 for varying prescribed displacement; (b) corresponding displacement ﬁeld U2/D⁄.
21 1212T C
33.3=δ
LΔ
250 500
Fig. 14. Non-dimensional real stress T21/C1212 v/s prescribed displacement D/L ratio 
for some toughness ratios d.
2070 A. Bacigalupo, L. Gambarotta / International Journal of Solids and Structures 50 (2013) 2061–2077As ﬁrst example, let us consider a strip having layers of equal 
thickness a = b = 2 mm (f = 1) and L = 20 a. The assumed elastic 
properties are Ga = 5000 MPa, r = 2.4, ma = 0.2, mb = 0.3, while the 
interface parameters are s⁄ = 30 MPa, G ¼ 3 kJ =m2, d = 33.3 (that
may be representat ive of: (a) CFRP composites such as the IM7/ 
8582/AF163 -2K, (b) GFRP composites such as E-Glass/Epox y/Aral- 
dite 2011; see Daniel and Ishai, 1994; Soden et al., 1998; Campilho 
et al., 2005; Shimoda et al., 2006; Raykhere et al., 2010; Zhang 
et al., 2010 ). The limit displacement gradient is H21 ¼ 0:01. The 
elastic moduli of the equivalent second-gradient model are 
C1212 = 2934.78 MPa, S211211 = 524.16 MPamm 2, with characteristic 
length k ¼ 0:423 mm, while the tangent moduli obtained in case of 
damaged interface are Ct1212 ¼ 334:14 MPa ; St211211 ¼
3705:60 MPacm 2 with characterist ic length kd ¼ 3:330 mm. The 
thickness of the shear band obtained by Eq. (17) is ‘d = 4.87 a and
the overall model response is represented in the diagrams of 
Fig. 12 in terms of non-dimensional real stress T21/C1212 versus
the imposed displacemen t D/L for different values of the strip 
thickness. These diagrams show a linear post-peak response and 
an increase of the brittleness with the ratio L/a. The strain localiza- 
tion process is shown in the diagrams of Fig. 13 (a) where the dis- 
placement gradient is represented along the strip for increasing 
values of the ratio D=D P 1. After reaching the limit state D/
D⁄ = 1, the displacement gradient decreases in the elastic region 
(in red) together with the elastic shear stress in the interfaces;
higher values of the displacemen t gradients are obtained in the 
damaged region. The limit value of the strip thickness with respect 
to the snap-back response is L/a ﬃ 45 (compare with Fig. 11(a). At 
point x1 = ‘e a discontinuity in the second-g radient of the displace- 
ment ﬁeld is obtained while the second-gradient stress is continu- 21H
35 2
105 2
1
35
70
(a)
1x L
*Δ Δ
Fig. 15. (a) Post-localization displacement gradient H21 for varying prescribous: this is a consequence of the different second-order moduli 
obtained from the elastic and damaged constitutive model. Finally,
the correspond ing displacemen t ﬁeld is shown in the diagrams of 
Fig. 13 (b).
If a greater value of the interface toughness is considered 
G ¼ 45kJ=m2, the toughnes s ratio d = 500 is obtained. This does 
not affect the moduli and the characteri stic length in the elastic re- 
gime, while in case of damaged interface the tangent moduli are 
Ct1212 ¼ 20:16 MPa ; St211211 ¼ 3109:44 MPacm 2 with characterist ic 
length kd ¼ 12:42 mm. In this case the thickness of the shear band 
is ‘d = 19.3 a (strip with interfaces about fully damaged) and the 
overall model response is represented in the diagrams of Fig. 14 .(a)
35 2
105 2
1
70
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*
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35b
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ed displacement; (b) corresponding displacement ﬁeld U2/D⁄ (d = 500).
A. Bacigalupo, L. Gambarotta / International Journal of Solids and Structures 50 (2013) 2061–2077 2071The strain localization process is shown in the diagrams of 
Fig. 15 (a) and the correspond ing displacemen t ﬁeld is shown in 
the diagrams of Fig. 15 (b).5. Damage propaga tion in the layered strip 
To better illustrate the inﬂuence of boundary conditions on the 
mechanism s of damage propagat ion let us consider now the model 
B introduced in Session 2 where the warping of the edges is pre- 
vented. The boundary condition u1 = 0 at the edges is represented 
by the two conditions U1 = 0 and H21 = 0, the latter one being ob- 
tained by considering the downscaling Eq. (3.1) at point z1 = 0 of 
the cell and taking in mind that #21211 ¼ d22N21211 ¼ 0 and 
#1121 ¼ d2N1121 –0. The vertical displacemen t at the left edge is as- 
sumed U2 = 0 and at the right edge the monotonica lly increasing 
displacemen t is prescribed U2 = D. As anticipated in Section 2,
the microscopic strain and stress ﬁelds are inhomogeneous along 
the strip already in the elastic regime and the shear stress at the 
interfaces attains its maximum at the middle of the strip and is 
decreasing approaching the edges. Here a stress singularity at the 
interface occurs at the strip edges (see Leguillon , 1999 ) in the het- 
erogeneous model, as mentioned in Section 2, that is ignored in the 
continuum model.
In the elastic regime, before the interface shear stress attains its 
limit strength value, the ﬁeld Eq. (14) at the macroscale holds with 
the boundary condition previously described . Upon increasing D,
the interface shear stress attains its maximum s⁄ at x1 = L/2. This 
limit condition is obtained when the overall transverse displace- 
ment takes the value 21 1212T C
LΔ
33.3δ =
100
500
(a)
Fig. 17. (a) Inﬂuence of the nondimensional interface toughness ratio d on the structu
(d = 500).
21 1212T C
LΔ
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Fig. 16. (a) Nondimensional real stress v/s displacement diagram for several values of tD ¼ ðL  2kÞðcoshðL=kÞ þ sinhðL=kÞÞ þ ðL þ 2kÞ
coshðL=kÞ þ sinhðL=kÞ þ 1 2ðcoshðL=2kÞ þ sinhðL=2kÞÞH

21;
ð20Þwhile the corresp onding real stress is T21 ¼
coshðL=kÞþ sinhðL=kÞþ1
cosh ðL=kÞþsin hðL=kÞþ12ðcoshðL=2kÞþ sinhðL=2kÞÞC121 2H

21:
ð21ÞFor monotonically increasing applied displacement D >D⁄ the
interface delamination takes place and the damaged region of 
length ‘d propagates in a symmetrica l manner from the middle sec- 
tion x1 = L/2. In the following, only the left half region is analyzed 
having length ‘e + ‘d/2 = L/2 with displacemen t U2 = D/2 and van- 
ishing second-o rder stress l211 prescribed at x1 = L/2. Because of 
the linearity of the constitutive equations at the microscale, it fol- 
lows the linear response at the macroscale:R21 ¼C1212H21 l211 ¼ S211211j211 for H216H21;
R21 ¼ s þCt1212ðH21H21Þ l211 ¼ St211211j211 for H21PH21:

ð22ÞBy applying the compatibility equations and the constitutive
equation (22) to the equilibrium equation T21,1 =R21,1  l211,11 = 0,
being s⁄, H21 and the tangent moduli independent on x1, the ﬁeld
equations are obtained in the ﬁnite form21 1212T C
LΔ
Mod. A
Mod. B
(b)
ral response T21/C1212  D/L; (b) structural response of the two considered models 
21 1212T C
LΔ
Mod. A Mod. B
(b)
he strip thickness; (b) structural response of the two considered models (d = 33.3).
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1
k2
Ue2;11 ¼ 0; 0 6 x1 6 ‘e
Ud2;1111 þ
1
k2d
Ud2;11 ¼ 0; ‘e 6 x1 6 L=2
ð23Þ
involvin g the internal lengths k and kd. The solution takes the form 
(16) with the following boundary conditio ns Ue2ðx1 ¼ 0Þ ¼ 0;
He21ðx1 ¼ 0Þ ¼ 0; Ud2ðx1 ¼ L=2Þ ¼ D=2; ld211ðx1 ¼ L=2Þ ¼ 0 and conti- 
nuity conditio ns at the interface between the elastic region and 
the damaged region Ue2ðx1 ¼ ‘eÞ ¼ Ud2ðx1 ¼ ‘eÞ; He21ðx1 ¼ ‘eÞ ¼
Hd21ðx1 ¼ ‘eÞ; le211ðx1 ¼ ‘eÞ ¼ ld211ðx1 ¼ ‘eÞ and Te21ðx1 ¼ ‘eÞ ¼
Td21ðx1 ¼ ‘eÞ: Moreo ver, the extension of the damaged region ‘d is ob- 
tained by imposing the limit conditio n He21ðx1 ¼ ‘eÞ ¼ Hd21ðx1 ¼ ‘eÞ ¼
H21. By imposin g the boundary conditio ns, which linearly depend 
on the prescrib ed displacem ent D, the extension ‘d is obtained as 
solution of equation f ð‘d; k;a; LÞD=L ¼ H21, together with the 
macro-dip lacement and macro-st rain ﬁelds in the undamaged and 
damaged region. Finally, the stress ﬁeld along the strip is obtained 
by the constitut ive equations, including the real stress component 
T21 that is homogeneous along the strip.
Let us assume for model B the same material parameters and 
strip thickness L = 20 a considered for model A in the ﬁrst example.
The elastic limit displacemen t is D⁄ = 0.392 mm and the extension 
of the damaged region for D/D⁄ > 11/10 is ‘d/a ’ 9.74, that is nearly 
constant for increasing values of D and is twice the correspondi ng 21H
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Fig. 19. Strip thickness L = 10 a: (a) Displacement gradient and (b) nondimensi
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Fig. 18. Strip thickness L = 20 a: (a) displacement gradient and (b) nondimensione obtained from model A. The nondimension al real stress T21/
C1212 along the specimen is diagrammati cally shown for increasing 
values of D/L in Fig. 16 (a) that shows a marked linear response 
although in general this depende nce is non-linear. Also in this case 
the structural brittleness increases with increasing the ratio L/a.
The comparis on of the response of model B with model A (consid-
ered in Section 4) in terms of real stress and prescribe d displace- 
ment is shown in the diagrams of Fig. 16 (b). Here it emerges that 
the structural strength is essentiall y identical in the two models 
but that model B is less brittle than model A.
The inﬂuence of the interface toughness is shown in the dia- 
gram of Fig. 17 (a), while the displacemen t gradient and the trans- 
verse displacemen t in the left half of the strip for increasing values 
of the ratio D/D⁄ are shown in the diagrams of Fig. 18 for L/a = 20 
and Fig. 19 for a shorter strip L/a = 10, respectivel y. In the ﬁrst case 
the damaged region does not interfere with the boundary shear 
layer resulting from the restrained warping of the strip edges 
shown in Fig. 18 (a) and the shear band thickness does not change 
in the post-peak response. In the second case the strip thickness is 
smaller and compara ble with the thickness of the shear band.
Therefore, the shear band interferes with the boundary shear layer 
and the post-peak response results less brittle as can be observed 
by the diagram L/a = 10 of Fig. 16 (a).
If a greater value of the interface toughness is considered 
G ¼ 45kJ=m2, d = 500, an increase of the damaged region is *
2U Δ
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Fig. 20. Strip thickness L = 20 a: (a) displacement gradient and (b) nondimensional transverse displacement along the left half strip for increasing D/D⁄ (d = 500).
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with a reduction of the structural brittleness as shown by the dia- 
grams in Fig. 17 (a) and (b) where the overall model response is 
represented. Moreove r, the strain localization process for d = 500 
is shown in the diagrams of Fig. 20 (a) and the correspond ing dis- 
placement ﬁeld is shown in the diagrams of Fig. 20 (b). In this case 
the post-peak response results signiﬁcantly less brittle than that 
found for interface toughnes s d = 33.3. The considered examples 
show that the elastic response and the limit strength of model A
and model B are almost coinciden t. This behavior may be explained 
by observing that for realistic values of the model parameters the 
characterist ic length k of the elastic undamaged material is very 
small in comparison to the layer thickness, except for very high 
values of the ratio r. Consequentl y, when the strip is undamaged 
the extension of the boundary shear layer is very small compared 
to the strip thickness (see the red line for D/D⁄ = 1 in Figs. 18–
20(a)) and therefore both model A and model B attain the damage 
limit state for values of the real shear stress that is almost coinci- 
dent with the corresponding elastic limit values, here denoted as 
T A21 and T
 B
21 , respectivel y. Conversel y, by increasing the ratio r
the characteristic length k increases and the elastic response and 
the elastic limit strength of the two models T A21 and T
 B
21 differ,
as may be observed by the diagrams of Fig. 21 that describe the 
overall response of the strip for the case r = 240. Here the non-lin- 
ear behavior of the model B at the beginning of the damage prop- 
agation can be observed, with overall limit strength which is 
slightly higher than the elastic limit value T B21 . A difference which 
is limited and that becomes vanishing for small values of the elas- 
tic characterist ic length. The depende nce of the ratio T A21 =T
 B
21 on21 1212T C
LΔ
Mod. A Mod. B
Fig. 21. Structural response of the strip for different boundary conditions and tough 
interface: a = 2 mm, L = 20 a, f = 1, r = 240, ma = 0.2, mb = 0.3 and d = 660.the parameter r is shown in the diagrams of Fig. 22 for different 
values of the strip thickness, from which it may be noted that this 
ratio differs from the unit value only for large values of r (r > 30)
and for very small strip thickness.
The boundary condition s may have a signiﬁcant effect on the 
extension and location of the shear band (in model A at the strip 
edge and in model B in the middle of the strip) and consequently 
on the post-peak response and on the structural brittleness. In 
the post-elas tic regime, when delamination takes place, the strip 
response strongly depends on the characterist ic length kd of the 
damaged material, which is increasing with the interface tough- 
ness ratio d. Unlike the elastic characterist ic length k, this internal 
length is not negligible in comparison to the strip thickness L and
the ratio kd=L may have inﬂuence on the structura l response to- 
gether with the boundary condition s. For values of interface tough- 
ness ratio d = 10–100, which are representat ive of CFRP and GFRP 
composites, the extension of the shear band is limited as appears 
from the diagrams of Figs. 13 and 18 (a). For higher values of the 
toughnes s ratio d = 200–1000, which are characterist ic of FML (ﬁ-
ber metal laminates), a greater extension of the shear band is ob- 
tained (Fig. 15 (a)) and the overall response of model B shows a
slight brittlene ss (see Fig. 17 ) with widespre ad damage along the 
strip (Fig. 20 ). In particular, for high values of the interface tough- 
ness d or for small values of the ratio L/a, the shear band thickness 
associate d with model A may exceed the thickness of the strip, a
circumstanc e that is not admitted by the model. On the other hand,
for the same values of the parameters a consistent solution for 
model B is obtained, which is more realistic in the possibility of 
realizing the boundary conditions.* _ * _
21 21
A BT T
r
50L a =
20L a =
10L a =
Fig. 22. Ratio of the elastic limit strengths from the two models for varying r
(ma = 0.2, mb = 0.3, f = 1).
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The strain localization analysis of a two-phase linear elastic 
periodically layered strip with damaging interfaces has been car- 
ried out at the macroscale through a second-gradient homogenized 
model whose constitutive parameters are directly obtained by the 
parameters representat ive of the microstructur e. A simpliﬁed
description of the transverse shear response of the strip is obtained 
by assuming the displacemen t ﬁeld at the microscale to conform to 
the microstructure periodicity, that limits the localization analysis 
along the layer direction. Although this assumpti on ignores possi- 
ble non-periodic or different ly periodic solutions, which are rather 
difﬁcult to be obtained by other methods of analysis at the micro- 
scale, however, it provides basic information useful to understand 
both the dependence of the overall response on the microstructur e
and the operational implication s of the homogeniza tion procedure 
here considered. A special attention is paid to the inﬂuence of 
boundary conditions on the overall response in order to under- 
stand the effect of the connection between the specimen boundary 
and the loading device.
Two different boundary conditions at the edges of the strip are 
considered, which concern the displacement component along the 
layering direction. In the ﬁrst model, that is representat ive of the 
strip with warping allowed at the edges, strain localization takes 
place as a result of a bifurcatio n process in analogy to the approach 
by Chambon et al. (1998). With reference to the criticism of Jirásek
and Rolshoven (2009a,b) about the Chambon’s approach, it has 
been shown that the micromecha nical approach provides detailed 
information on the shear band extension and that such extension is 
limited to a number of multiples of the characteri stic size of the 
periodic cell for a for a wide range of toughness values of brittle 
interfaces. In the second model, where the warping at the edges 
is restrained, a progressive propagation of the delamination from 
the strip center has been obtained.
The results obtained from the considered models show that the 
elastic response and the limit strength are independen t on the 
boundary conditions. This results may be explained by observing 
that for realistic values of the paramete rs describing the micro- 
structure, the characteri stic length of the elastic undamaged mate- 
rial is very small and the resulting boundary shear layer in the 
second strip model is small as well. Therefore the elastic response 
of the two models is almost coincident.
Conversely, it is shown that the boundary conditions may have 
a signiﬁcant effect on the extension and location of the shear band 1x L
21 21
CH H
second order model  100r =
second order model  300r =
FE model
second order model  10r =
(a)
Fig. A1. (a). Nondimensional displacement gradient for f = 1; (b) nondand consequentl y on the post-peak response and on the structural 
brittlene ss. In the post-elas tic regime, when delamination takes 
place, the strip response strongly depends on the characterist ic 
length of the damaged material, which is increasing with the inter- 
face toughness, a material parameter that is not negligible in com- 
parison to the strip thickness and that makes the strip response 
depending on the boundary conditions.
The obtained results highlight that for lower values of the inter- 
face toughness ratio which are representative of CFRP and GFRP 
composites , the extension of the shear band is limited, while for 
high values of the ratio, which are characterist ic of FML (ﬁber me- 
tal laminates), a greater extension of the shear band is obtained 
with a slight brittle response of the strip. Moreover, for high values 
of the interface toughnes s or for small values of the ratio between 
the strip and the layer thickness, the shear band thickness resulting 
from the ﬁrst strip model may exceed the effective thickness of the 
strip, a circumstanc e that is not admitted by the model. On the 
other hand, for the same values of the parameters a consistent 
solution for the model with warping prevented of the edges is ob- 
tained, which is more realistic in the possibility of realizing the 
boundary conditions.
Finally, it should be noted that, since the model parameters di- 
rectly depend on the material microstru cture as a result of the 
homogen ization process, both the extension of the shear band 
and the occurrence of snap-back in the post-peak phase may be 
controlle d in terms of the constitutive parameters and of the 
geometry of the constituents.Acknowled gements 
The authors acknowledge ﬁnancial support of the (MURST) Ital- 
ian Department for University and Scientiﬁc and Technological Re- 
search in the framework of the research MIUR Prin09 project 
XWLFKW , Multi-scal e modeling of materials and structures, coor- 
dinated by prof. A. Corigliano.Appendi x A.
Validation . of the second-gradi ent model 
The validation of the second-gradient homogenized model is 
ﬁrstly carried out by comparing the ﬁnite element structural re- 
sponse of the undamaged heteroge neous model B deﬁned in 2U Δ
1x L
(b)
imensional displacement along the left half of the strip for f = 1.
Cτ τ
1x L
(b)
1x L
Cτ τ
(a)
Fig. A2. Non-dimensional shear stress at the interface: (a) f = 1; (b) f = 4.
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Fig. A3. (a). Nondimensional displacement gradient for f = 4; (b) nondimensional displacement along the left half of the strip for f = 4.
Fig. A4. (a). Non-dimensional displacement gradient; (b) non-dimensional transverse displacement in the left half of the strip.
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dient homogenize d model. In the elastic regime the ﬁeld Eq. (14) at
the macroscale is applied together with the boundary conditions 
discussed in Section 5: U1 = 0 and H21 = 0 at the two edges and ver- 
tical displacement at the left edge U2 = 0 and at the right edge 
U2 =D prescribed. The model response is analyzed for the case 
a = 0.5 mm, L/2a = 16, geometri cal ratios f = 1,4, elastic moduli with ratios r = 10, 100, 300 and ma = 0.2, mb = 0.3. The non-dimen- 
sional displacement gradient H12=H
C
12, the transverse displacemen t
U2/D and the shear stress at the interface s/sC obtained by the het- 
erogeneo us FE model (diamonds) and by the homogen ized strain- 
gradient model are represented in the non-dimensi onal diagrams 
in Figs. A1-A3 , HC12 and sC being the corresponding values obtained 
by the classical homogeneous (Cauchy) model. Although both the 
2076 A. Bacigalupo, L. Gambarotta / International Journal of Solids and Structures 50 (2013) 2061–2077models are not able to capture the stress singularity at the strip 
edges, which however has a very low order of singulari ty (Leguil-
lon, 1999 ), a good agreement is obtained between the results from 
the heteroge neous model and those from the equivalent strain- 
gradient model.
The case of layered material with inelastic interface is validated 
with respect to a speciﬁc incremental loading condition. To obtain 
a stable response the hardening constituti ve model for the inter- 
face is assumed, i.e. s ¼ s þ h½u with h > 0. A homogeneous limit 
stress state is considered in the strip r12 = s⁄ resulting from the 
application of the transverse displacemen t D⁄ at the right edge 
(model A). An incremental transverse displacemen t _D > 0 is super- 
imposed with warping prevented at the edges _u1 ¼ 0. The strip 
incremental ly behaves as model B with the following boundary 
conditions at the macroscale: left edge _U1 ¼ _U2 ¼ _H21 ¼ 0, right 
edge _U1 ¼ _H21 ¼ 0, _U2 ¼ _D. The parameters characterizi ng the strip 
are: a = 0.5 mm, L/2a = 16, r = 2.4, ma = 0.2, mb = 0.3 and d ’ 320. The 
overall elastic moduli of the strain-gradient model are 
Ct1212 ¼ 4:95 MPa ; St211211 ¼ 29:70 MPamm 2, and the resulting char- 
acteristic length of the incremental model is k1d ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
St211211=C
t
1212
q
¼ 2:45 mm (this model is deﬁned as M1). In the non-dimensional 
diagrams in Fig. A4 the rate of the displacement gradient H12=H
C
12
and of the transverse displacemen t U2/D obtained by the 
heterogeneous FE model (diamonds) and by the homogenized 
strain-gradient model are represented. Also in this case a good 
agreement between the results from the heteroge neous FE model 
and those from the equivalent strain-gr adient model is obtained.
Finally, the results obtained by ignoring the inelastic response in 
evaluating the second order tangent modulus (model M2) are 
shown in Fig. A4 (a). In this case the tangent second order modulus 
is St211211 ¼ S211211 ¼ 5:15 MPamm 2 and the characteristic length of 
the incremental model is k2d ¼ 1:02 mm.
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